hep-th/9903238 



Surface Terms as Counterterms in the AdS/CFT Correspondence 



Roberto Emparan a , Clifford V. Johnson 6 , Robert C. Myers c 



a Department of Mathematical Sciences, University of Durham, DH1 3LE, UK. 
Departamento de Fisica Teorica, Universidad del Pais Vasco, Apdo. 644, E-48080 Bilbao, Spain. 

b Department of Physics and Astronomy, University of Kentucky, Lexington, KY 40506-0055, USA. 

c Physics Department, McGill University, Montreal, PQ, H3A 2T8, Canada. 

a roberto.emparan@durham.ac.uk, 6 cvj@pa. uky.edu, c rcm@hep. physics. mcgill.ca 



We examine the recently proposed technique of adding boundary counterterms to the gravita- 
tional action for spacetimes which are locally asymptotic to anti-de Sitter. In particular, we explic- 
itly identify higher order counterterms, which allow us to consider spacetimes of dimensions d < 7. 
As the counterterms eliminate the need of "background subtraction" in calculating the action, we 
apply this technique to study examples where the appropriate background was ambiguous or un- 
known: topological black holes, Taub-NUT-AdS and Taub-Bolt-AdS. We also identify certain cases 
where the covariant counterterms fail to render the action finite, and we comment on the dual field 
theory interpretation of this result. In some examples, the case of vanishing cosmological constant 
may be recovered in a limit, which allows us to check results and resolve ambiguities in certain 
asymptotically flat spacetime computations in the literature. 



I. INTRODUCTION 

The AdS / CFT correspondence asserts that there is an equivalence between a gravitational theory in d-dimensional 
anti-de Sitter (AdS) spacetime and a conformal field theory (CFT) living in a (d— 1) -dimensional "boundary" space- 
time [0. This equivalence or duality is best understood in the context of string theory with d—5, where the duality 
relates type IIB superstring theory on AdSsxS* 5 , and A/=4 supersymmetric Yang-Mills theory with gauge group 
SU(N) in four dimensions The precise formulation of the AdS/CFT correspondence is made by equating the 

partition functions of the two theories: 

ZAds{4>Q,i) = Z CFT{4>Q,i) ■ (1) 

Here the fields <fo,i have two interpretations: On the gravity side, these fields correspond to the boundary data or 
boundary values (up to a certain rescaling for the bulk fields (pi which propagate in the AdS space. On the field 
theory side, these fields correspond to external source currents coupled to various CFT operators. Thus correlation 
functions of the operators in the CFT can be determined through a calculation using the dynamics of gravity in 
AdS spacetime In certain instances, one can consider evaluating the AdS partition function in a saddle-point 

approximation: 



-lA4s(<t>i) _ I J 4>0,iO 



r = ; eJ T ""' ) (2) 

CFT 



where lAdsi'Pi) is the classical gravitational action as a functional of the (super)gravity fields, and % are the dual 
CFT operators. Hence in this approximation, the AdS action becomes the generating function of the connected 
correlation functions in the CFT . This framework is also naturally extended to considering CFT states for which 
certain operators acquire expectation values by considering solutions of the gravitational equations which are only 
asymptotically AdS |||5] . 

One aspect of the duality which will be interesting for the present investigation is the choice of the background metric 
7ij required to define the field theory This metric is related by an infinite conformal transformation to the induced 
metric hij on the boundary of the AdS spacetime m. Since the boundary conformal transformation is divergent, one 
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regularizes the calculation by considering the induced metric for a family of surfaces which approach the boundary in 
a limit. This regularization procedure then will depend on the choices of coordinates in the asymptotic AdS region, 
i.e., it depends on the precise family of surfaces chosen. With different choices, the background geometry inherited 
by the CFT takes a completely different form. For example, depending on the choice of radial slicing for AdS^+i, the 
boundary geometry can be S 1 xS n , S n+1 , S 1 xH n . We will discuss these and other possibilities in section O. This 
procedure therefore allows one to study the CFT with different background geometries. From the point of view of 
the gravity theory, this procedure is interesting because naively the expressions on the left-hand side of eqns. (Q) and 
(||) are coordinate invariant. However, the asymptotic regularization explicitly breaks this covariance. 

Returning to eqn. (|^), considering the gravitational path integral in the saddle-point approximation has a Ion; 
history in the quantum gravity literature, in particular in context of black hole thermodynamics II — see refs 
and j§] for discussions relevant for AdS. There is a problem that must be faced with this approach in that typically 
the gravity action diverges. For d = n+1 spacetime dimensions, the familiar (Euclidean) action has two contributions 

W + W = J m r»xrf (R + ^) - j±g j aM d n xVhK . (3) 

The first term is just the Einstein-Hilbert-anti-de-Sitter action with cosmological constant A=— 71 ■ The second 
integral is the Gibbons-Hawking boundary term which is required so that upon variation with metric fixed at the 
boundary, the action yields the Einstein equations Q . Here, K is the trace of the extrinsic curvature of the boundary 
dM as embedded in M. In the AdS context, both of these expressions are divergent because the volumes of both 
M and dM are infinite (and the integrands are nonzero). The traditional approach to circumventing this problem 
is to perform a "background subtraction". That is, one produces a finite result by subtracting from eqn. (Q) the 
contribution of a background reference spacetime, so that one can compare the properties of the solution of interest 
relative to those of the reference state. Note, however, that this subtraction requires that the asymptotic boundary 
geometries of the two solutions can be matched in order to render the surface contribution finite.[J Aside from being 
a technical nuisance, there are certain cases where an appropriate reference solution is ambiguous or unknown, e.g., 
topological black holes §-|l|], and Taub-NUT-AdS and Taub-Bolt-AdS JU|]| — see discussion below. 

In the context of the AdS/CFT correspondence, there does not seem to be room for a background subtraction 
in, for example, eqn.(||). Remarkably AdS spacetime offers an alternative approach! The divergences that arise in 
eqn. (||) are all proportional to local integrals of the background CFT metric 7^ p|JTq|. Thus these divergences can 
be eliminated by extending the regularization procedure for the action with a "counterterm subtraction." That is 
eqn. (j^) is modified to include the subtraction of a finite set of boundary integrals (with divergent coefficients) involving 
curvature scalars constructed from the background metric 7^ fl7|| . Recently a remarkable insight was provided by 
ref. |l8| (see also ref. JiT| ) : If the counterterms are expressed in terms of the induced metric hij , rather than 7^ , then 
they naturally appear with the appropriate divergences, as the volume of the regulator surface grows as it approaches 
the boundary of AdS. Thus in the counterterm subtraction approach, one may produce a finite gravitational action 
by supplementing the contributions in eqn. (^|) with an extra surface integral 

7 ct = ^/ d n xVhF(i,n,vn) , (4) 



8ttG 



dM 



where the counterterms depend only on the curvature 1Z (and its derivatives) of the induced boundary metric fty - 
see section III for explicit expressions. That this construction is unique to asymptotically AdS spaces is apparent 
because the AdS curvature scale I is essential in defining the counterterms^] Note that these expressions are universal 
depending only on I and the spacetime dimension. Once these are fixed, one may use the same counterterms to 
regulate the action for any choice of coordinates on any asymptotically AdS solution.^ 

Even outside of the AdS/CFT correspondence, counterterm subtraction provides a remarkable new theoretical tool 
with which to investigate gravitational physics. Together, eqns. (^|) and (Q) provide a finite covariant definition of the 
gravitational action for asymptotically AdS spaces. As a simple example, one might consider the energy of a gravitating 
system in AdS space. Traditionally the definition of energy in gravity required a background reference solution in 
asymptotically AdS spaces just as in asymptotically flat spaces E2]. Combined with the quasilocal formulation 



1 Again, there is the implicit need for a regularization procedure with regards to the asymptotic boundary. 

2 We are excluding non-polynomial terms, which could be introduced in the absence of a cosmological constant |2i 

3 Actually this is not quite the complete story — see below, and section VI. 
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of Brown and Yor k p3[ , the AdS action with counterterms provides a definition of energy that is independent of any 
reference solution |18| . Using this technique, one discovers a finite energy for AdS§ with an RxS 13 boundary. In the 
context of the AdS/CFT correspondence, one can interpret this energy as the Casimir energy of the dual field theory 
in the latter background geometry [fl8|| . A similar Casimir energy arises in AdS3 [fL8[ , where there is a well known 
difference between the energy M= — 1/(8G) of global AdS3 and that of the M=0 state (which is only locally AdSa). 

Thus one might revisit Euclidean quantum gravity with this new theoretical tool in hand. In particular, one can 
address the cases where the background subtraction technique was not possible or (due to ambiguiuties) the results 
were disputed. This is one of the primary objectives of the current investigation. 

The issue of the correct reference state has been disputed for "topological black holes" [pHl3[ , in particular for the 
"hyperbolic AdS black holes" . The latter are black hole solutions where the horizon is a hyperbolic space H n instead 
of a sphere. As it happens, there is among these solutions one which is locally (though not globally) equal to AdS. 
However, in order for it to be regular, the Euclidean time has to take a fixed finite value — in other words, it is a finite 
temperature solution. As such, it is not an adequate reference state for matching calculations, which would require a 
solution that admits arbitrary Euclidean period. In section IV, we apply the counterterm subtraction prescription to 
compute the action, and discover some intriguing results. We are led to speculate on a connection to the "precusor" 
states recently discussed in rcf . Q . 

The Taub-NUT solution is known to admit an extension to include a cosmological constant and as such, the 
Taub-NUT-anti-de-Sitter (TN-AdS) solution has been studied recently in refs. 0,^5). The boundary geometry can 
not be matched to that of AdS space, and so there is no known reference solution with which to make a background 
subtraction. Instead, in refs. [ ]T4| , |l5| ], the analog of the self-dual TN solution (i.e., the one with a "nut", a zero- 
dimensional fixed point set, at its origin) was used as the reference state in a background subtraction calculation of 
the action of the Taub-Bolt-anti-de-Sitter (TB-AdS) solution. In section V, we use the counterterm subtraction for 
a backgroundless calculation of the action of TN-AdS. This allows us to study the thermodynamics of this solution 
in and of itself. In particular, we can study its local intrinsic stability, and find its entropy, as a function of the nut 
charge. This leads to some surprises. 

As mentioned above, the counterterm subtraction approach can not be extended in a straightforward way to 
asymptotically flat (AF) spacetimes (and for that matter, to spacetimes which do not asymptote to AdS) because the 
AdS scale is an essential ingredient in the definition of the counterterms (Q). However, one can apply this technique 
in a case-by-case manner to the computation of the action of those asymptotically flat solutions which can obtained 
as limits of AdS solutions. A simple example is the computation of the action of the Schwarzschild solution by first 
embedding it in AdS. There exists a Schwarzschild- AdS solution — discussed extensively in the context of the 
AdS/CFT correspondence recently [Q^] — which for black holes that are much smaller than the cosmological length 
scale Z- — - 1 TV | 1 / 2 , approximates the asymptotically flat Schwarzschild solution. We can compute the action of this 
Schwarzschild-AdS black hole by using the counterterm prescription, and then take the limit I— >oo. In this way we 
almost recover the standard result that is obtained by matching the AF solution to Minkowski spacetime. 

The preceding is a satisfying, but somewhat trivial example. However, there are other cases of AF spaces where the 
computation of the action, using the more traditional background subtraction technique, has been the subject of some 
controversy. One such case is that of the Taub-NUT solutions, which are only asymptotically locally flat (ALF). In 
ref. |25| the action of generic Euclidean Taub-NUT solutions (of which only the self-dual Taub-NUT and Taub-bolt 
instantons are regular) was computed by trying to match the solutions to Minkowski space, in order to perform a 
regularizing subtraction (a similar matching was also attempted in ref. ^6|). However, since the large radius slices of 
Euclidean Taub-NUT space are squashed three-spheres, in contrast to the Minkowskian slices S^xS 2 , the matching 
is not really well defined. Therefore, it was proposed in ref. |27j that the proper background to be subtracted is 
instead the self-dual Taub-NUT instanton, which has the lowest possible energy among the regular Euclidean Taub- 
NUT solutions — the only other regular solution is the Taub-bolt instanton^. It was noticed in ref. jl4| that there 
existed a branch of solutions which tends to the ALF Taub-NUT solution as ?— >oo. (These are the analogue of the 
"small" Schwarzschild black hole branch of solutions on ref. [Q.) Therefore, after applying the counterterm subtraction 
procedure to compute the action of the asymptotically TN-AdS solution, we take the limit l^oo. This limit provides 
then a "background independent" result for the action of the ALF Taub-NUT solutions. Remarkably, we find that 
the result agrees precisely with the "imperfect matching" one given in ref. pj|. Furthermore, we show that the 
counterterm prescription results are reproduced by performing an "imperfect matching" to AdS similar to the one in 



4 Some care should be exercised, since often in the literature the name "Taub-NUT solution" is used to refer specifically to 
the self-dual Taub-NUT instanton, instead of the full, two-parameter Taub-NUT solution. 
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the ALF case. 

A simple application of the counterterm subtraction is to calculate the action of (Euclidean) AdS„+i for different 
choices of coordinates, i.e., with different boundary geometries. In section VI, we present an analysis of the multi- 
slicing phenomenon for (Euclidean) AdS„+i with n<4, showing the results for the action in several different cases. 
It is interesting to note the appearance of different Casimir energies in the various cases. A more dramatic result is 
that for certain boundary geometries, such as S n and H n , one finds that the counterterm subtraction is insufficient. 
That is, a divergence that is logarithmic in the asymptotic radius appears, and can not be eliminated by the addition 
of a local counterterm as in eqn. These divergences which can arise for even n have been noted previously in the 
context of the AdS/CFT correspondence There they may be related to a conformal anomaly for the dual CFT 

in certain background geometries which is well known to be connected to the appearance of logarithmic divergences 
in the effective field theory action pa ]. Of course, this presents a limitation on counterterm subtraction as a general 
tool to investigate asymptotically AdS spaces in odd spacetime dimensions. 

Certainly our results have many interesting implications for the dual field theory via the AdS/CFT correspondence. 
We will only make limited comments on this aspect of the work here, leaving a more general study of the field theoretic 
interpretation for a future paper. 

While this work was being completed, we were informed that R. Mann |29| had also considered the application of 
the AdS action with countcrtcrms to the solutions considered in sections IV and V. 



II. THE MANY FACES OF ADS 



As described in the previous section, counterterm subtraction works by subtracting the integral of various boundary 
curvature invariants (||) from the standard action ([?]) . This leaves unspecified the way in which the boundary of AdS 
is approached, i.e., the choice of "radial" coordinate defining the family of surfaces which approach the boundary as 
a limit. Depending on this choice, the slices at constant radius can have different geometry or even different topology. 
Even if the spaces are locally equivalent to one another, the computation of the action will in general lead to different 
results, since the boundary terms in the action will take different values. In the end, since all different forms of a 
spacetime will be related by diffeomorphisms, with possible addition or subtraction of points, and possibly as well, 
identifications under discrete subgroups, the different results for the action will bear a relation to one another, too. 
Here we will describe some of the many possible "faces" of the boundary of AdS. In subsequent sections, we will 
consider these metrics as examples for the application of the counterterm subtraction technique, and compare the 
results. Clearly, such a comparison would have been impossible had we required a background for the calculation. 

Let us first present Euclidean AdS„+i in the following three familiar metrics, 

/ ^2 \ dv 2 T 2 

ds2 = [ k + ]T J dr2 + ( fc + I ^ + -^L-i > (5) 



where the (n— l)-dimensional metric d£? n _ 1 is 



dY 2 



PdZl , 



for fc = +1 
for fc = 
for fc = —I 



(G) 



where dtt 2 l _ 1 is the unit metric on By iJ™ -1 we mean the (n— l)-dimensional hyperbolic space, whose "unit 

metric" dS 2 l _ 1 can be obtained by analytic continuation of that on It is straightforward to see that all of the 

above solutions are locally equivalent to each other. In the above we are assuming that n>2 for k=— 1, since for n=2 
one does not have a hyperbolic metric H . 

For later use in the paper, we will write the volume of the space dT, 2 n as l n <Jk,n- In this way, (Jk=+i.n will be equal 
to the volume tu n of the unit n— sphere. 

Next we consider Euclidean AdS n+ i with metric 

dv 2 t 2 

ds 2 = j— + -rrdS?. „ , (7) 

(fc + £) P ' 
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where the n-dimensional metric dT, 2 . n is defined precisely in the same way as above in eqn. (^|). For fc=0, this simply 
reproduces the k—0 metric in eqn. (H). One might note that a transformation of the radial coordinate brings these 



metrics into the form 



where 



ds 2 = l 2 dp 2 + f 2 (p)dZ 2 , (8) 



sinh p for k = +1 

f k (p) = { eP forfc = (9) 
cosh p for k = — 1 . 



One final AdS metric which we will consider is 

ds2 = (fc+ii) + r + 72 J - k '™ + ' (10) 

where again the metrics dT, 2 _ k A and rfS^ A are defined in eqn. (^). For k=0 we once again reproduce the k=0 metric 
in eqn. (0). For fe=±l, we assume that both rh,rh > 2. For k—+l, the boundary geometry is H m xS m , while 
for fe=— 1, we simply interchange the hyperbolic space and the sphere. However, in the latter case, the coordinate 
transformation r 2 =r 2 —l 2 puts the metric back in the k=+l form with to<->to. 

Thus with the metrics in eqns. (|^), (I?]) and (10), we have displayed AdS„ + i with a wide variety of boundary 
geometries: 

IT, S 1 x S n ~\ S 1 x JET" 1 , S 1 x H n ~ l , S n , H n , S m x H n ~ m . (11) 
All of these AdS metrics are maximally symmetric, i.e., 



Rijki — -pidik 9ji - 9u 9jk) i (12) 



which ensures that the geometry is conformally flat. This condition also ensures the geometries are all locally AdS. 

It is interesting to notice the form of some of the boundary geometries we get here upon analytic continuation to 
Minkowski signature, since they are rather common : 



IT 



Euclidean de Sitter space 

(global) anti — de Sitter space (13) 
Minkowski space . 



Furthermore, if we assume a specific analytic continuation to Lorentzian spacetime, e.g., S 1 xS n — > R(time)x5", 
then 



II x S" 1 : the Einstein static universe 
II x H' 1 ^ 1 : the static open universe . 



(14) 



The AdS/CFT correspondence implies then an equivalence between, on the one hand, quantum gravity in AdS and, 
on the other hand, a CFT on any of the above backgrounds. We find it particularly amusing that, when the boundary 
is taken to be H n , quantum gravity in AdS„+i can be dual to a CFT on an AdS ra background! It should be kept in 
mind that the geometry on the boundary is not dynamical, since there are no gravitational degrees of freedom in the 
dual CFT. 

There is an important feature that distinguishes the solutions with k——l from those with fc=0, +1: there is a finite 
minimum radius r~l at which g rr diverges. In eqn. (g), the Killing vector d T also has fixed point set (a "bolt") 
at this radius. In this case, the Euclidean solution will be regular only if the coordinate r is identified with period 
(3=2nl. In the metric ([?]) with k=— 1, the minimum radius r—r + simply denotes the boundary of a coordinate patch 
as is evident from the form of the metric in eqn. (||) with the new radial coordinate p. In the case of eqn. (|l^) with 
k=— 1, r=r+ is the location of a "conical" singularity. For fc=+l, the minimum radius is r=r + =0 and the geometry 
is smooth at this point in metrics (||) and (0), but it corresponds to a "conical singularity" in eqn. (|To|). For k=0, the 
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minimum radius is again r=r + =0 which in this case is an infinite proper distance away and so there is no problem 
with the curvature here. Note that the geometries with conical singularities or a bolt are only locally AdS, that is 
they describe AdS spacetime with additional discrete identifications of points. 

Eqn. (|l2| ) is an extremely restrictive condition. If one is simply interested in solving Einstein's equations with a 
negative cosmological constant 

n — 2 

Rij = j2~ 9ij , (15) 



then the above metrics remain solutions when the boundary geometries are replaced by arbitrary Einstein spaces. In 
all of the metrics (|||7],|l0|), one may replace any of the S p factors (with p>l) by a space satisfying R ab =(p — l)/l 2 g ab . 
Similarly any H p factors can be replaced by a space satisfying R ab =—(p — 1) /I 2 g a b, and R p factors can be replaced 
by any Ricci flat solution, i.e., R ab =0. For example, then S p can be replaced by a product of spheres S Pl x • • • xS Pq 
where 2<=i Pi— P with pi>2 and the radii of the individual spheres is scaled so r 2 — (p— 1) / (pi — l)l 2 . These generalized 
solutions will no longer be conformally flat or locally AdS. Furthermore generically a true curvature singularity is 
introduced at the minimum radius, e.g., RijkiR 1 ^ 1 grows without bound as r approaches r+. 



III. COUNTERTERM ACTION 



The detailed form of the boundary counterterms was originally explored in ref. [17]], where they were derived in 
terms of the background (field theory) metric 7^ . The insight provided by ref. [pl| was that the counterterms should 
be written in terms of the induced metric on the boundary hij . In this way, they naturally appear with the appropriate 
(infinite volume) divergences to cancel those arising from the classical gravitational action. The focus of ref. jlq] was 
to construct a finite boundary stress-tensor without using a reference background. However, the proposed prescription 
naturally provides the construction of a finite action which can then be employed, for example, to calculate the action 
of Euclidean gravitational instantons. This will be the primary application which we consider in the following. 

Hence the full (Euclidean) gravitational action in d=n+l spacetime dimensions has three contributions 

^AdS = Ibu\k{gij) + Ismf(gij) + I c t{hi ) ■ (16) 



The first two terms, comprising the familiar classical action, were given in eqn. 



Here, hij is the induced metric 



on the boundary dM which may be defined where n is an outward pointing unit normal vector to 

dM. In the Gibbons-Hawking boundary term I sur f, the trace of the extrinsic curvature is defined by K =h tJ Viiij^ 

The counterterm action I c t{hij) may be arranged as an expansion in powers of the boundary curvature (and its 
derivatives). The number of terms that appears grows with the dimension of the spacetime. The first few terms are 
explicitly 



1 
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d n xVh 



dM 



1 



I 



-11 



2(n-2) 2(?i-4)(n-2) 5 



n ab w 



ab 



4(n- 1) 



V? 



(17) 



where TZ and !Z a b are the Ricci scalar and Ricci tensor for the boundary metric, respectively. Combined these three 
counterterms are sufficient^ to cancel divergences for n < 6. In this covariant form, the first term originally appeared 
in ref. [^9|[|, while the second term first appeared in ref. p8| . We derived the third term by demanding that the 
infinite volume divergences were cancelled when using the metric (|l^). Any of these terms may be derived with the 
construction provided by ref. flljj ] for the appropriate curvature integral in terms of the CFT metric jij. One then 
simply substitutes the induced boundary metric hij to produce the covariant counterterms appearing in I ct . To go 
to higher dimensions, resorting to this construction seems inescapable as the "simple" asymptotically AdS metrics 
presented in section II can not be used to distinguish all of the curvature invariants that can appear in the higher 



5 Our conventions differ by signs from refs. [ |18| , p3| , but are chosen to conform with standard practice in General Relativity, as 
in, e.g., ref. Q. 
6 Or almost, see Section IV. 

7 This term had also been considered to provide a (partial) regularization of the action of AdSs in ref. |Bu. 
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order counterterms. It is important to note that the fact that we have counterterms for dimensions up to d=7 means 
that we can now study all (known) AdS applications which arise in string theory and M-theory. 

Other matter field actions, for example an action for Maxwell fields, can be added to eqn. (|l6|). Although, at least 
for black hole solutions, the addition of gauge fields does not seem to require new counterterms |32|1 , we must remain 
alert to the possibility that extra matter fields may require the addition of new, non-geometric surface counterterms 
to the action. This issue will not be considered further here. 



As a simple example, we will consider calculating the action (16) with the metric (|^) for AdS with boundary 
S 1 xM k . Let us present the contributions of the individual terms in the action: 



-^bulk = 



f3<Jk,n-l 

8ttG1 2 
8%Gl 2 

8ttG1 2 

8ttG1 2 

/30fc,n-l 

8-kGI 2 
8irGl 2 

(3&k,n-l 

8kG1 2 
8kG1 2 



(18) 



r n (n- 
r n (n- 
r n (n- 
r n (n- 
r n (n- 
r n (n- 



k(n 



J 2 



1) 1 



r 

2 \ I/ 2 



! +T 2 ^ 

1 H 



8 r 4 

,2x1/2 



16 7 6 



kl 2 

2r 2 
' 8 r 4 
8 r 4 



r 

k 2 l £ 



4 r 4 
1 



k 3 I 6 
16 r 6 

^ 1/2 

16 ^ 



k- 



where <Jk,n-i is the (dimensionless) volume of the space with metric dE? n _ 1 /l 2 , and /3 is the period of r. We have also 



separated the contributions of the individual counterterms in (17), so P ct is the integral of the i'th term in the action. 
Now, for a particular boundary dimension only some of the counterterms are included to cancel the divergences. So 
for n=2i— 1, 2i, one keeps only up to P ct . For any odd value of n, one has then 



(19) 



For the even values of n, an extra constant term makes an appearance so that 

h, n+ i = ^ggi (-r? - |*X,2 + ^l'5 nA - ^lH nfi + ... + 0(J"+7r)) . (20) 

As we have explained above, for fc=+l, 0, we have f3 arbitrary and r + =0, whereas for k=—l, r + =l and (3=2ttI. 

Note that for even n, the coefficients of the higher counter terms are actually divergent, even though they formally 
evaluate to a finite result. Further in either of these results, eqns. ( fL9| ) and (|20|), there are extra terms of order 1/r, 
which vanish when the limit r^oo is taken in order to approach the AdS boundary. However consider the case of n 
odd, where we have in fact the option of keeping all of the higher order counter terms in eqn. (p"7|), i.e., including the 
terms which actually vanish in the boundary limit. This would give a result where in fact all of the inverse powers r~ p 
would be cancelled so that not only would the action be finite, but it would be independent of the regulator radius! 

Given the explicit counterterms in eqn. (|l7j), we can only really evaluate the action for n<6. However, keeping in 
mind that the higher order counterterms ensure the cancellation of divergences order by order, it is clear that the 
formulae (|l9| ) and ( |20| ) will be unchanged for n > 6. Further we can show that the coefficient of the extra contributions 
for n even will be 

(_fc)"/2 ( n "j^'V . (21) 
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To derive this result, note that the bulk and surface contributions can be written as 



fbulk + /surf — 



8irGl 2 



I(- r »-(„-l)r»(l+x)) , 



where x—kl 2 /r 2 , while the counterterms yield 



^ = w (n " rvP " 1(1+l)1/2 



(22) 



(23) 



where c p are constants independent of n. The key point is to realize that the counterterm contributions will cancel 
the ^-dependence in eqn. ( |22|) to an arbitrarily large order, and hence these coefficients are just the coefficients in the 
Taylor series 



(l+.T) 1 /2=£ CpX P-l 



(24) 



p=l 



Now as stated above for a given n=2i, the action only includes the finite sum: /bulk + /surf + Sp=i ^ct- Thus with 
some elementary manipulations, one finds the residual finite term in eqn. (20) appears with the coefficient (pl|) above. 



IV. ADS BLACK HOLES 



In this section we turn to the study of black hole solutions, using the counterterm subtraction scheme. In the 
presence of a negative cosmological constant, the horizon of a black hole admits a much larger variety of geometries 
and topologies than in asymptotically flat situations. This is consistent with the variety of boundary topologies that 
we can obtain for AdS itself, depending upon how we choose to radially foliate it, as discussed in section |l[ The 
case (fc=l, below) of spherical black holes has already been studied using this counterterm subtraction scheme in 
ref. Jig ] , but we compute and list those results in what follows for completeness and for comparison with the flat and 
hyperbolic cases. 

In ref. ]l3||, it was shown that the Einstein-anti — de-Sitter system in n+1 dimensions admits the following solutions: 



dv 

ds 2 = -V k {r)dt 2 + — - + ^dE£ B -i , ( ->•"» 



with 



Vk(r)=k-^ + r ¥ , (26) 

where the (n— 1) dimensional metric dT, 2 n _ 1 is defined as in eqn. @. Thus it represents S* 1-1 , IT -1 and if"" 1 for 
k = +1,0 and —1, respectively. A spacetime that is locally the same as anti-de Sitter is recovered when /i=0 for 
which the metric reduces to that in eqn. (||). 

By going to the Euclidean section one finds that the Euclidean time period (the inverse temperature) has to be 



0= (27) 

1 nr\ + k(n - 2)l 2 ' 1 ' 



Here, r + is the largest positive root of 14 (r), typically associated to the outer horizon of a black hole. For fc=l and 
|U=0 (global AdS), there is no such root, but the correct results are obtained by setting r + =0. Now, it is important 
to notice that, whereas for fc={l, 0}, the locally AdS solution corresponds to r + —0, this is not true for k= — 1. AdS 
spacetime with hyperbolic slicing has a bifurcate Killing horizon at r=l, and a fixed temperature 0=2wl. By contrast, 
there exists an extremal k=— 1 solution, with a degenerate horizon at r—r e and parameter [i—\x ei satisfying 



ii, ^-^(^y'\- m 

n — 2 \ n I 
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In particular, 

21 I 

Me = _ 3v^' Te = ' forn = 3 ' ( 29 ) 

I 2 I 

Me = -j , r e = -j=, for n = 4 , (30) 

/i e = -— , r e = d-l, forn = 6. (31) 

Therefore, in a calculation for k=— 1 of the action, with background matching, the question arises concerning which 
is the correct background to subtract: On the one hand, the locally AdS solution — which has the higher symmetry — 
might be physically appealing. However, since its period 8 is fixed, matching it to a solution with a different value 
of 8 would introduce a conical singularity at the horizon |llf| . On the other hand, the extremal solution, with a lower 
value of /x (and as we will see, of the energy), has arbitrary 8 and therefore can be matched to any other solution. 
Hence, the extremal solution was the preferred background for the matching calculations in refs. |ll[-|l3|. 

It is clear from this discussion that the method of counterterm subtraction can be of help here. For the solutions 
described above we obtain: 



P°\n-i ( n , Vl 2 k 2 3fc 2 4 5k 

brrr —r[l H 1 2 H 1 o n 4 / 

8ttG1 2 V 2 2 ' 8 * 16 

P<Tk,n-\ f , n-2,2 n 1 ,2r , ,4 s 5fc 



A:r"-^ 2 - r? - kl z 5 n . 2 + —l 4 S nA - —l b 5 n , 6 + ...) , (32) 



where again <Jk.n-i is the (dimensionless) volume associated with the unit metric dT, 2 , n _ 1 /l 2 . Using eqn.(|32j) we can 
compute the energy and entropy of the solutions by application of standard thermodynamical formulas. One finds 



where we denote by 



(n - l)fffc,„-l o 

E - 16^^ Ai + Sfc ' (33) 



El = ^ (-kS n>2 + ^l 2 5 nA - ^S nfi + ...)• . -I ! 



the terms that are independent of the black hole parameters (e.g., of the temperature). Their contribution to the 
action is therefore of the form 8E%. Note that one can extrapolate this Casimir energy to 



for arbitrary even n using eqn. (pl|). 
The entropy, 



^ = ^Hr /2 ^r 2 , (35) 

»7rG n! 



n-l 

S= AG ' (36) 



satisfies the area law, and is independent of the extra terms /3E%. Not surprisingly, the result is therefore the same 
as in a background calculation. 

Curiously, the results for n—3 and n—A show different qualitative features. For n—3 the result that we obtain 
is the same as one would obtain by performing a background subtraction from the locally AdS4 solution neglecting 
the conical singularity that would appear for k=— 1. This is rather similar to what we will find for TN-AdS in the 
next section: the method of counterterm subtraction appears to reproduce the results of an "imperfect matching" 



calculation. As a result, the extremal solution (29) has negative energy, whereas the locally AdS solution, with /i=0, 
has vanishing action and energy. 
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By contrast, the result for the hyperbolic n—A black holes supports the opposite scenario! The action ( p2[ ) in this 
case reproduces precisely that obtained by taking the extremal state (^) as the reference state, and not the locally 
AdS state (notice that 1=0 for the values in eqn. J3C|)). For n—A and k=— 1, the energy (|3|) of the extremal state 
vanishes, a confirmation that this is to be taken as the ground state of the theory. The term E® is independent of the 
black hole parameters (e.g. the temperature), and its contribution to the action is therefore simply of the form 

For k—1 this term has been identified in ref. [^8) as precisely the Casimir energy associated to Af—A super- Yang- 
Mills theory on the static Einstein spacetime HxS" 3 , which is the spacetime obtained as the boundary of AdS in this 
case. This agreement is a striking outcome of the counterterm subtraction method. Notice that the interpretation as 
a Casimir energy is the only possible one, given that the AdS solution is the one with the lowest action and energy 
among that family — i.e., it is the ground state. 

We would like to see whether a similar correspondence holds for k=— 1. In this case it is crucial to notice that the 
ground state is not the locally AdS solution. The latter should be regarded as an excited state of the system. The 
ground state is the extremal solution, which has zero energy. By translating this into the AdS/CFT correspondence 
we would not expect to find a Casimir energy for the field theory calculations on the open static universe HxiJ 3 . 
Indeed, the effective action and renormalized stress-energy tensor for conformal fields vanish on that space (see, e.g., 
rcf. ^8|). This is in perfect agreement with the zero energy results that we find for the ground state (|3(]) of the theory. 

There are, however, some aspects that are in need of further exploration. In particular, from the entropy formula 
we see that for k=— 1, not only the does locally AdS solution have non-zero entropy, but so does the extremal ground 
state. In particular, for n—A, 

S cxt = 2 7 / 2 G ' 

In this respect, this ground state bears resemblance to the extremal black hole ground state state discussed in [j32| , 
which had non-vanishing entropy as well. It is of great interest to understand this result (^) from a field-theoretical 
point of view. The "precursor" states of ref. [p3| — constructed in standard field theory — might be extremely relevant 
to such a discussion. As proposed in ref. ]33| , these are degrees of freedom that do not contribute to the energy 
density, although they store information. This looks precisely like what is needed to account for an entropy like we 
have found in eqn. ([37|). Perhaps the entropy of this ground state and the one presented in ref. |3|] represents the 
count of the number of precursor degrees of freedom in the field theory. 

For black holes in AdSg (i.e., n—5, and in fact, all odd values of n) the conclusions are essentially the same as in 
AdS4. However, the situation for AdS7 is somewhat enigmatic. In this case, the action does not vanish either for the 
extremal black hole or for the locally AdS solution! Also, the energy is non-zero for both. Perhaps this is consistent 
with yet to be understood properties of the (2, 0) superconformal field theory that resides on the world-volume of the 
M5-brane 

Finally, it is of interest to note that because the "small" Schwarzschild black holes (in the sense of ref. Q]) survive 
the I— >oo limit, (i.e., the cosmological constant goes to zero), the surface counterterm subtraction method supplies 
results for the action, energy and entropy for ordinary Schwarzschild black holes. For odd n, these results coincide 
precisely with those obtained by the background subtraction method, using Minkowski spacetime as a reference. For 
even n, the results would again coincide with the standard results in asymptotically flat space, except for the constant 
contribution of the Casimir energy ([35j) (and the analogous term in the action) . In this case because for n > A this 
energy is proportional to l n ~ 2 , it becomes an infinite constant in the limit I— *oo. We will see that this ability to take 
the flat spacetime limit occurs for other interesting solutions in the next section, and allows us to address and resolve 
certain situations which were fraught with uncertainties and/or ambiguiuties in the literature. 



V. THE ANTI-DE SITTER NUTCRACKER 

As we mentioned in the introduction, the issue of choosing a correct reference state for background subtraction has 
been a matter of some controversy for Taub-NUT and Taub-bolt solutions, in the asymptotically locally flat situation 
p5| , p7[ as well as in the asymptotically locally AdS case • 

Note that in this section n will be used to denote the "nut charge" , not the number of dimensions — we will only 
deal with four-dimensional solutions. 
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A. Spherical nuts and bolts 



The Taub-NUT-Anti-de-Sitter (TN-AdS) solution is 



where 



dv 2 

ds 2 = V(r)(dT + 2n cos 9dip) 2 + — - + {r 2 - n 2 ){d9 2 + sin 2 9 dip 2 ) , (38) 

V[r) 



(r 2 + n 2 ) — 2mr + I 2 (r 4 — 6n 2 r 2 — 3n 4 ) 
V = 12 T2 ■ ( 39 ) 



Here we will simply sketch some of the features of the solution. For a detailed analysis we refer the reader to ref . [[14j . 
If rt=0 we recover the Schwarzschild-AdS solutions with m as a mass parameter. The analytically continued time, r, 
parameterizes a circle, S 1 , which is fibred over the two sphere S 2 , with coordinates 9 and ip. The non-trivial fibration 
is a result of a non-vanishing "nut charge" n. As a result, the boundary as r-^oo is described as a "squashed" 
three-sphere, where An 2 /I 2 parameterizes the squashing. 

Euclidean regularity of the solution restricts the period of r to be 

0=8irn . (40) 

In addition, the mass parameter has to be restricted so that the fixed point set of the Killing vector d T at radial 
position r=r + is a regular one. Hence one finds "nut" or "bolt" solutions, depending on whether the fixed point set 
is zero or two dimensional, respectively. In particular, for "nut" solutions 

An 3 , 
r + = n, m n =n — . (41) 

In what follows, by TN-AdS we will mean the Taub-NUT-AdS solutions with this particular value of to. Notice 
that to„ vanishes for the value n=l/2. It was shown in ref. Q] that for this particular value the solution is precisely 
AdS4, with the slicing in which the sections at constant r are round three-spheres. In contrast, the solution with 
n—m—0 corresponds to AdS4 with slices of geometry S' 1 xS' 2 . For Taub-bolt-AdS (TB-AdS) the expressions are 
more complicated Q: 



n± = 77r- 1± t + . (43) 




For Tb to be real the discriminant must be non-negative. Furthermore we must take the part of the solution which 
corresponds to rb>n. This gives: 



n < — — -— ] I . (44) 




It is only for this range of parameters that one can construct real Euclidean TB-AdS solutions. Notice, in particular, 
that the AdS value l=2n lies outside this range. 

In refs. |l4|,[l5|], the action of the TB-AdS solutions was computed by matching the solutions to a TN-AdS solution 
with the same value of the nut charge. The thermodynamics of TB-AdS solutions were then found to be rather similar 
to that of Schwarzschild-AdS black holes. However, this method precluded an analysis of the TN-AdS solutions by 
themselves, since they acted as reference states. A completely rigourous calculation of the action of TN-AdS could 
not be performed using the reference background method, simply because it is not possible to match pure AdS 
(the intuitively obvious candidate background) to TN-AdS, as they have incompatible slices for all n except n=l/2. 
Equipped with the counterterm subtraction procedure, we can now compute the action for TN-AdS, without any 
reference to a background. 
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With 



Vh = VW)(r 2 -n 2 ) sin 61, U = - ^^V{r) , (45) 

we find, for a solution with generic values of m and n 

I=^(l 2 m + 3n 2 r + -rl) , (46) 

where, as we said above, r + is the minimum possible value of r, where there is a fixed point of the Killing vector d T . 
Of course, as explained above, Euclidean regularity demands either m — m n or m — mi,. 

There are several things to note about this result. The first is a consistency check: if we subtract the values we 
obtain for the TB-AdS and TN-AdS solutions, /bolt - -^nut) we recover (after some algebra), the result obtained in refs. 

for the action of TB-AdS with TN-AdS as a reference. Of course this consistency is to be expected in general. 
The standard background subtraction requires the asymptotic geometry of the solution and its reference state match. 
Hence the counterterms which depend only on the intrinsic boundary geometry must be equal, and will cancel if one 
takes the difference of the counterterm subtracted actions. 



Next, in the flat space limit I— >oo we obtain 



(47) 



In particular, in this limit we find 

4nn 2 him 2 



bolt 



G UU1L q 



(48) 



These are precisely the results that were obtained in ref. |25J by an "imperfect match" of the Taub-NUT solution to 
Euclidean Minkowski space. Indeed, the same "imperfect match" to AdS can be seen to reproduce the result ( |4"6| ) 
above. Even if it is not possible to match the squashed S 3 at the boundary to the boundary of AdS4 with the slicing 
S 1 xS 2 , a finite result can nevertheless be obtained by neglecting the non-trivial fibering and performing a standard 
background subtraction. Proceeding this way the bulk (volume) term yields, at large r 



vkti , 9 9 o \ tot „ , , „ , 

/bulk - (l 2 m + 3n 2 r + - r a + ) + — — + Q(l/r) . (49) 



In contrast to other action calculations in AdS, the bulk term, even after subtraction, is not finite by itself, rather 
one needs to take into account the Gibbons-Hawking boundary term: 

/surf = " 8^G Is d " x ^ K K ^ = -^gW + ^/r) • (50) 

By adding (^) and (|30|) and taking r^oowe therefore recover eqn. (p6|). 

We therefore conclude that the fact that the match to the background is an imperfect one does not appear to be as 
bad as it looks at first sight. Certainly, the result ( |47| ) of ref. p5| in the ALF limit is on a better standing after having 
recovered it from a counterterm calculation. 

Now we return to the result ([46]), and specialize to nut solutions using eqn.(f4l|): 

Ann 2 ( 2n 2 

— x "7 



/TN-AdS = ~^T- [ 1 — -71- ) ■ (51) 



For n—l/2 we recover the value for AdS4 with boundary S 3 , which will be obtained and discussed in section VI, 
whereas for n—0 we recover the value (zero) for AdS4 with boundary S 1 xS 2 . Again, these special cases may be 
regarded as consistency checks on the internal consistency of our implementation of the procedure. 

Notice that the action becomes negative for n>nQ=l/\/2. More interestingly, being able to vary the value of the 
Euclidean period /3=87m we can compute the energy of the solutions, 



12 



E = d fj I=^-, (52) 

which confirms the interpretation of m as a mass parameter. We may go further and compute the entropy and specific 
heat: 

47rn 2 / 6n 2 



S = d I-I= — (1--^- ) , (53) 



As had been already noticed in ref. |l4|, the mass (energy) becomes negative for n>l/2. More strikingly, the entropy 
becomes negative for n>l/\/6 ! In particular, the entropy of AdS4 (n—l/2) is negative (equal to minus its action, 
since it has E=Q). Whereas a negative mass may not be too troublesome (one may shift the energy scale), a negative 
entropy certainly would appear to be a sign of pathological behaviour. One should keep in mind, however, that this 
negative entropy appears because of a particular choice of (Euclidean) time coordinate. Even if it may seem surprising 
at first sight that AdS4 suffers from this pathology, we stress that this is a consequence of the particular choice of 
time slicing that we have made here, rather than an instrinsic property of the AdS4 solution itself. 



In ref. 34 it was pointed out that in spaces where Euclidean time is non-trivially fibered there appeared a contri- 



bution to the entropy other than the usual one coming from the bolts (the latter yields the black hole area law) . This 



extra entropy can be associated to "Misner strings" 35 1 (a geometric analog of Dirac strings), and we would expect it 
to contribute to the entropy of TN-AdS as Sms=^4ms/(4G)— (3Hms, |3(| where Ams is the area of the string and Hms 
is the Hamiltonian on it. Indeed, in the absence of a bolt this appears to be the only possible source of gravitational 
entropy for the TN-AdS solution. A brief calculation confirms that Sms corresponds precisely to the expression we 
obtained in eqn. (|53"1). 

The fact that the specific heat becomes negative for n<l /vT2 is an indication that the solutions become thermally 
unstable, making them unusable for equilibrium thermodynamics^] (in the canonical ensemble). So if we declare that 
the physically relevant solutions are those with both positive entropy and positive specific heat, then the valid range 
for the nut charge is 

11 

<n<—=. (55) 



VT2 ~ ~ V6 

Solutions in this range have positive action and positive energy. 

Finally, we note that the results for the energy, entropy and specific heat of TB-AdS can be recovered by combining 
those for TN-AdS above, and those for TB-AdS with the TN-AdS subtraction in ref. 111. 



B. Remarks upon Field Theory on Squashed Three— Spheres 



As discussed in ref. Q,[l5|] , the study of solutions with nut charge which are locally asymptotically AdS is relevant 
to the 2+1 dimensional "exotic" (3^] conformal field theories which live on the world volume of M2-branes (and 
closely related theories^), after placing them on squashed three-spheres. Following that work, in ref. j3j| the effective 
actions of various fields on squashed three-spheres have been computed. 

We do not expect to see in those particular field theory results any signal of the apparently pathological behaviour 
{e.g., negative entropy) which we have found, and indeed we do not. The difficulty essentially lies in the fact that the 
field theory results can only be used at weak coupling, whereas supergravity is describing a strongly coupled regime 



Nevertheless, a negative specific heat is not so bad as a negative entropy; as a matter of fact, as is well known, the Schwarzschild 
black hole in asymptotically flat spacetime has negative specific heat — and so does the ALF Taub-NUT solution. 

9 Recall there is a problem with the spin structure of TB-AdS, and so the M-theory interpretation is unclear j^J, although 
there is almost certainly a dual CFT nonetheless. 
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of the field theory. The unusual behaviour belongs only to the low temperature phase of the field theory, and strong 
coupling effects change the picture drastically. Recall the phase structure described in rcf. fl4j| : 

• At high T (small n) we have both TN-AdS and TB-AdS as possible solutions, but the latter has the lower free 
energy, and is therefore preferred. It was shown in ref. (wl that at high T, TB-AdS gives the expected behaviour 
F <~ T 3 which, not surprisingly, is the result found in ref. p9|. This is a deconfined phase. 

• At low T (large n), however, the only existing phase is TN-AdS. There is a phase transition separating this regime 
from the deconfined phase mentioned above. This phase transition prevents us from obtaining information from the 
results in ref. j39j , since at weak coupling, where those results were obtained, one does not get the confined phases. 

It is in this large n region that the entropy becomes negative. In fact, all of the negative entropy regime is within 
the region where the only regular solution is TN-AdS: TB-AdS is absent there. One might speculate whether the 
Lorentzian version of the field theory (in this confined phase) contains ghosts that do not decouple. Such ghosts would 
yield a negative contribution to the entropy. 

So we discover that the supergravity studies give us new information on the strongly coupled phases of the theory 
on the world-volume of the M2-brane, and related theories, after compactification on squashed three-spheres. 



C. Flat and Hyperbolic Taub-NUT-AdS 

A solution where the nuts and bolts are flat planes instead of spheres can be found as well, and was analyzed in 
ref. 0, 

(ft \ ^ dv^ T TL^ 
dr + ^(xdy - ydx)) +—- + — (dx 2 +dy 2 ), (56) 



where now, 



—2mr + l 2 (r 4 — 6n 2 r 2 — 3n 4 ) 

V = ~9 —9 • ( 57 ) 



The fibration is in this case a trivial one, and as a result the Euclidean period [3 is independent of n. Zero dimensional 
fixed point sets of d T ("nuts") exist for m n =— ^p-. Solutions with bolts have a higher value of m. The result for the 
counterterm calculation of the action for a solution with generic m and n is 

I=^( m l 2 -rl+3n 2 r + ) , (58) 

where, as usual, r + is the radial position of the fixed point set (r + =n for a nut), and L 2 accounts for the area of the 
(x, y) plane, — L/2<{x, y}<L/2. It can be easily checked that the action of ref. pj| , where the nut solution was taken 
as a reference background, can be recovered from ( f58| ) as /(bolt) — /(nut). Moreover, ( |58| ) is the same result we would 
obtain had we performed a background subtraction calculation with "imperfect matching" to AdS4 (the latter in its 



flat incarnation as n—m—0 in eqn.(56)). We note that for the nut values the action is negative, which reflects the 
fact that its energy is negative — its entropy vanishes, as could have been expected in the absence of bolts or Misner 
strings, so in fact we find I n ut—PE nut - 



The last possibility is that of having hyperbolic fixed point sets of d T . The explicit solution is 

dr 2 
V(r 



dr 2 

ds 2 = V{r){dr + 2n(cosh(9 - l)dip) 2 + — — + (r 2 - n 2 )(dd 2 + sinh 2 9dip 2 ) , (59) 



with 



-<r 2 + n 2 ) - 2mr + r 2 (r 4 - 6n 2 r 2 - 3n 4 ) , , 

V = 5 2 ■ ( 60 ) 



The fibration is trivial, and again, there are no Misner strings. However, it was found in ref. p4| that there are no 
hyperbolic nuts: i.e., it is not possible to make r=n into a regular fixed point of d T . Nevertheless, bolt solutions can 



be constructed. This is rather analogous to the situation we encounter for hyperbolic black holes in section IV. The 
result for the action is again formally very similar to ((f6|) and (|58|), 
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/= 8^^ TO + 3 " 2r+ ~ r +) ' (61) 

where a is the area of the hyperbolic space (if quotients of H 2 are taken to yield surfaces of genus g>l (this is not 
essential) then a=An(g—l)). 



VI. ADS REVISITED 



Many of the quantities we have been computing can be translated into field theory results by using the dictionary 
provided by the AdS/CFT correspondence p|,f40||, namely, 

q; ;2 73 /5 

c = — for AdS 3 , iV 3/2 « - for AdS 4 , N 2 = — for AdS 5 , N 3 « - for AdS 7 , (62) 

where c is the central charge of the dual CFT in two dimensions. The powers of N displayed above are measures 
of the number of "unconfined" degrees of freedom: for AdSs, N is the rank of the gauge group of the dual 7V=4 
supersymmctric four dimensional SU(N) Yang-Mills theory. Meanwhile, for AdS 4 and AdSy, the dual field theories 
are the ones |37],|38| that describe the world-volume dynamics of N parallel M2-branes, and M5-branes, respectively. 
The details of these latter two theories are still rather indirectly and poorly understood, and the precise numerical 
relationship between factors (missing in eqn.(|6^) for these cases) will not be needed here, as we will make no precise 
numerical comparison. While there is almost certainly a dual conformal field theory for the case of AdS6, we will not 
comment upon it further. Note again that AdS for all of the dimensions listed are cases that can be handled with the 
counterterms that we now have. 

In section III, we considered the counterterm action for AdS with the boundary geometries S 1 xM£ . In those 
cases, the action is finite and interestingly for even n, an extra contribution appears of the form /3E% where E2 is a 
constant energy — see eqn. ( |35|) in section IV. This constant energy is readily interpreted in the dual field theory as 
a Casimir energy of the conformal field theory on S 1 xMj!~ 1 — see rcf. [H2) for another discussion of Casimir energies 
in the AdS/CFT correspondence. We can consider these results for n=2,4 in more detail: the well known Casimir 
energy of (1+1) dimensional CFT when going from the infinite plane to the cylinder IRxS* 1 is reproduced by the term 
n—2 in eqn. (J3 5|) - Similarly, the Casimir energy of four dimensional Yang-Mills theory on HxS 3 is precisely the value 
of E° k=+1 for 71=4 0. 

We found there as well that for the theory on Hxff 3 , even if E® =1 j^0, the result is consistent with the absence 
of a Casimir energy after identifying correctly the ground state of the theory. We remarked as well upon the striking 
appearance of a non-zero entropy for this ground state, which strongly suggests the presence of degrees of freedom 
which can contribute to the entropy but not to the energy density, just like the "precursor" states identified in ref. p3[ . 
(This also reminds us of the non-zero entropy extremal ground state studied in ref. |3^| .) 

We can translate some of our results for the cases of AdS 4 and AdS7 as well, finding that the Casimir energies 
derived by using eqn.(^) are correctly proportional to the number of degrees of freedom in the theory, as can be 
deduced from the power of N which appears in each case: The scaling with N is precisely the same as had been 
obtained from computations of black brane entropies pl| . 

Let us now consider AdS„+i with boundary geometries S n and H n as described by the metrics in eqn. (Q). In order 
to notationally distinguish them from the family S'xMj., we will denote them with a !. The results for the action 
are somewhat more complicated to express for generic n in an explicit form. For the three contributions (the bulk 
term, the Gibbons-Hawking surface term, and the counterterm action) we find 

J '- = ^t// f vPTIF' (63) 

which can be expressed in terms of hypergeomctric functions, but we will only need its expansion for large r. The 
lower integration limit is r + =0 for fc=+l,0, and r + =l for k=— 1. 



- iH.n n j.2 ^ {n- l)<T k ,n „ ( U kl 2 \ 3 _ (n - l)cr fc ,» „ / Tt k 2 l 4 ' 

8irGl ' ct 8nGl \2{n - 2) r 2 J ' ct 8irGl \ 8(n - 4) r 4 , 
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where we have separated the contributions of the individual terms in the counterterm action (17), as was done in 



cqn. (|lg). Again the limit r^oo remains to be taken. Our counterterms allow us to deal with n=2,...,6. We 
therefore find for /' n+1 

/ ^ = ^i6^( v 1 + 2l0g Tj ' 7 ^ = fc ^G ( v - 1 + 4l0g Tj ' ^ = k ^G U~ g Tj ' (66) 

^fc,4 = "^^' <5fc ^ + 1 ' 7 fe.6 = . ( 67 ) 

where we have omitted contributions which vanish in the limit r—too. Here the most striking result is that for 
even n, ( |66| ) there remain logarithmically divergent contributions from the bulk terms that are not cancelled by the 
boundary counterterms. Furthermore given their logarithmic nature, there is no way that they can be cancelled by 
a counterterm which is a local integral over the boundary of a (polynomial) curvature invariant. The appearance of 
these divergences then presents a limitation for the utility of the counterterm subtraction technique for investigations 
of asymptotically AdS solutions in odd dimensions. 

However, these divergences do not signal a problem for the AdS/CFT correspondence, but rather provide a remark- 
able consistency check. The possible existence of logarithmic divergences for odd spacetime dimensions was noted 
in refs. [^|Jl7|l, where the coefficients of the divergent terms were related to the conformal anomaly in the dual field 
theory. It is a standard result of field theory in curved spacetime |^,^3| that the appearance of a conformal anomaly 
in a classically conformally invariant theory is due to logarithmic UV divergences (at least at the one-loop level) 
appearing in the quantum field theory. Thus we have the UV/IR relation [[l5| of the AdS/CFT correspondence at 
work here: the appearance of an infinite volume singularity in the AdS calculation is a reflection of the existence of a 
UV divergence in the CFT. 

Further, if we make the association of the AdS radius with an energy scale, we see that the divergence is logarithmic 
as required by the field theory. For n—A, it is straightforward to verify that in fact the Af=A SYM theory has a 
conformal anomaly on S 4 or H 4 , and further a perturbative weak coupling calculation reveals a logarithmic singularity 
in the effective action for the background metric at one-loop j4^Q]. That is, despite the remarkable finiteness 
properties of J\f=4 SYM to higher loops in flat space Jig] , in curved spacetimes the jV=4 supersymmetry is only 
enough to protect against potential quadratic and linear divergences. In general though, there is the possibility 
of one-loop logarithmic divergences. One can show though that for the Af=A SYM theory, the coefficient of these 
divergent terms will always vanish on product space geometries |44|] . This is consistent with the fact that no logarithmic 
singularities were found in the actions ( pTj| ) for the boundary geometries S 1 xMk- 

Let us make this connection somewhat more precise. In the presence of a trace anomaly term T£ the action picks 
a divergent contribution of the form 



( 



logy) J d n xVhT^ (68) 

(see, e.g., fl7|| . The cutoff e in that paper is related to ours as e=(l/r) 2 ). Therefore we would expect, and we will 
actually verify it below, that the logarithmic terms we have found follow directly from the value of the anomaly. 

Let us now write some of the results ( |66| ) in terms of field theory parameters, in order to make a comparison with 
the field-theoretical expression (pq). The result for n=4 should be related to Af—A supersymmetric four-dimensional 
Yang-Mills theory on de Sitter ($*) or anti-de Sitter spacetime (H 4 ). We find a pleasingly simple result, 

/ fe ', 5 = -fc 2 ^(l-41og|) . (69) 

Note the fact that the action does not change sign when going from S 4 to H 4 {i.e., k=+l — » k=— 1) has its counterpart 
in the field theory in the fact that the divergent term in the effective action is given by curvature squared terms. In 



1 One could consider the addition of nonpolynomial counterterms to resolve this problem. A suitable counterterm would have 
the form a n /2{1Z) log / (TV) where a n /2(TZ) is the conformal anomaly term (see below) and f(lZ) is an arbitrary curvature scalar. 
While such a counterterm would render the action finite, it may produce problematic results in calculating the boundary stress 
energy fll8,b3| • We would like to thank Sergey Solodukhin for this suggestion. 
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fact, this result generalizes to no sign change for n=4p where the conformal anomaly is proportional to the 2p power 
of curvatures, and a change of sign for n=4p+2, where the relevant power is 2p+l |43| . 

Explicitly, for 7V=4 SYM on S 4 the trace anomaly is Q 

c 240tt 2 Z 4 8tt 2 Z 4 V J 



where g(s) measures the contribution of spin s fields: for J\f=4 SYM the result, for large N, is J2 S q(s)=9QN 2 . 
Plugging this expression in ( p8[ ) we recover the exact logarithmic term in ( |69| ) . 

The finite part of the action would be expected to follow from field-theoretical calculations as well. The scaling N 2 
is just expected from the number of degrees of freedom of the theory, and the absence of any other factors follows 
from dimensional arguments. Related to this is the fact that the trace anomaly < Tjf > can be computed exactly 
within the AdS/CFT correspondence |l7| . Having that, the full stress tensor follows in this case since the symmetry 
of the geometry will dictate that < T a b >= h a b < > jn. Therefore, it is not surprising that a calculation of the 
stress tensor in the manner described in ref. Gq] reproduces this result. 

For AdS3 we can write the result as 

^.3 = -*glfl-l|(l + 2l0gy) • (71) 



where g is the genus of the two-dimensional boundary surface, i.e., for the hyperbolic case we have taken quotients 
by discrete groups in order to find genus g surfaces (this is not essential). Again, the logarithmic term is precisely 
the result for a (1+1) dimensional conformal field theory on a surface of genus g, area 4irl 2 \g— 1|, as follows from the 
trace anomaly on such a surface, T b b =— kc/ (12irl 2 ). 

In the same vein, we would expect that the presence of a logarithmically divergent factor for AdS7 can be interpreted 
in terms of the effective field theory for the M5-brane when defined on six dimensional de Sitter space. The anomaly 
for this theory has not been computed by independent field-theory methods, rather it has been deduced in ref. |17[ ] 
using the AdS/CFT correspondence. Using that result, the logarithmic term comes out precisely as expected. 

It is clear that in the present paper we have only scratched the surface of the full subject, and more detailed and 
extensive comparisons between the results of Euclidean quantum gravity and the dual field theories are possible. We 
hope to report on progress on this in the future. 
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